
6. Differential Analysis of Fluid Flow

• Contents

- Various kinematic elements of the flow

- The continuity equation

- Stream function and velocity potential

- Simple potential flow fields

- Analysis of flow using the Navier-Stokes equations



Fluid Element Kinematics

Fluid element motion consists of translation, linear deformation, 
rotation, and angular deformation.



Velocity and Acceleration Fields revisited

or

Material derivative, or substantial derivative

with



Linear motion and deformation

Translation Deformation

The rate of volume change

In the general case

Volumetric dilatation rate



Angular motion and deformation

The angular velocity of line OA For small angle

The angular velocity of line OB clockwise

counterclockwise

The rotation Positive: counterclockwise



Angular motion and deformation

vorticity

If irrotational

Angular deformation

Rate of shearing strain or rate of angular deformation





Conservation of mass
Continuity equation

Differential form of continuity equation



Differential form of continuity equation
The differential equation for conservation of mass
/ Continuity equation

or

For steady flow of compressible fluids

or

For incompressible fluids

or

For cylindrical polar coordinates

For steady flow of compressible fluids

For incompressible fluids





The stream function
For steady, incompressible, plane, 2D flow

Stream function ψ (x,y)

The continuity equation is identically satisfied

Lines along which ψ is constant are streamlines

The change in the value of ψ

Along a line of constant ψ, dψ=0

Equation for a streamline



The stream function

The change in the value of ψ is related to the volume flow rate of flow
dq: the volume rate of flow passing between the two streamlines

In cylindrical coordinates





Conservation of Linear Momentum
The linear momentum equation

where

In Chap. 5



Description of Forces Acting on the Differential Element

Surface forces vs. body forces

Example of body force

Surface force

Normal stress

Shearing stresses

Sign convention



Description of Forces Acting on the Differential Element

Surface forces in the x direction

In the y and z directions

The total resultant force



Equations of Motion



Inviscid Flow
Inviscid, nonviscous, or frictionaless
 No shearing stresses / The normal stress at a point is 
independent of direction

Euler’s Equation of Motion
Zero shearing stress / the normal stresses: -p

or

Euler’s equation of motion



The Bernoulli Equation

Euler’s equation

Acceleration of gravity vector

Vector identity

or

The dot product with a differential length ds along a streamline
0

or



The Bernoulli Equation
For inviscid, incompressible fluids (ideal fluids)

Bernoulli equation

It is applicable under the following restrictions



Irrotational Flow
Irrotational flow field

i.e.,



The Bernoulli Equation for Irrotational Flow
Irrotational flow field

For incompressible, irrotational flow

Between any two points in the flow field

It is restricted to



The Velocity Potential
For irrotational flow, the velocity component can be expressed using a scalar function ϕ(x,y,z,t)

ϕ: velocity potential

or

Conservation of mass for an incompressible fluid

or In Cartesian coordinate

Laplace equation

In cylindrical coordinate





Some Basic, Plane Potential Flows
Laplace equation  Linear PDE (superposition)

2D potential flows

or

or

Irrotationality condition

or

Stream function

Potential function

Equipotential lines

Lines of constant ϕ are orthogonal to 
lines of constant ψ

Flow net



Uniform Flow



Source and Sink

m(+) source / m(-) sink
m : the strength of the source or sink





Vortex

and

Vortex is irrotational?

Free vortex Forced vortex

Combined vortex

and



Vortex
Circulation

For irrotational flow, the circulation will generally be zero

In presence of singularity within the curve (e.g., free vortex)

and





Doublet

and

or

For small distance a

a  0 ma/π: strength of doublet





Superposition of Basic, Plane Potential Flows

: Various basic velocity potentials and stream functions can be 
combined to form new potentials and stream functions 
: Any streamline in an inviscid flow field can be considered as 
a solid boundary
 Method of superposition



Sources in a uniform flow – Half-Body

Superposition of a source and a uniform flow

Stream function

Velocity potential

The stagnation point (x=-b) or

The stream function at the stagnation point (r=b, θ=π)

The equation of the streamline passing through the stagnation point

or



Sources in a uniform flow – Half-Body

Superposition of a source and a uniform flow
Half-body

or

The width of half-body

The flow field outside the body

The pressure at any point





Rankine Ovals

Superposition of source and sink of equal strength and a uniform flow

Stream function

Velocity potential

or

Re-arranged

ψ=0 forms the surface of an oval shape with length 2   and height 2h



Rankine Ovals

Superposition of source and sink of equal strength and a uniform flow

From stagnation point V=0

The body half-width h from ψ=0



Flow around a circular cylinder

Superposition of a doublet and a uniform flow
Doublet: the distance between the source-sink pair approaches zero

Stream function

Velocity potential

A circular cylinder: ψ=constant at r=a

ψ=0 at r=a

The stream function for flow around a circular cylinder

The velocity potential for flow around a circular cylinder



Flow around a circular cylinder

Superposition of a doublet and a uniform flow
The velocity component

On the surface of the cylinder (r=a)



Flow around a circular cylinder

Superposition of a doublet and a uniform flow
The pressure distribution on the surface

The resultant force (per unit length)

drag

lift

Fx=0      d’Alembert’s paradox

Fy=0





Flow around a circular cylinder

Flow around a cylinder + a free vortex

Stream function

Velocity potential

r=a still streamline

The tangential velocity

The location of stagnation points (vθ=0)



Flow around a circular cylinder

Flow around a cylinder + a free vortex

The surface pressure ps from the Bernoulli equation

drag

lift

Magnus effect

Generalized equation
 Kutta-Joukowski law



Viscous flow
Stress-Deformation Relationships

For incompressible, Newtonian fluids

Normal stress

Shearing stress

For Newtonian fluids, the stresses are linearly related to the rate of deformation



The Navier-Stokes Equation
For rectangular coordinates

For cylindrical coordinates



Some Simple Solutions for Laminar, Viscous, Incompressible Fluids
Steady, Laminar Flow between Fixed Parallel Plates

v=0, w=0

Boundary conditions



Steady, Laminar Flow between Fixed Parallel Plates

The volume flow rate q, passing between the plates 

or

The mean velocity V=q/2h

The maximum velocity

or

The pressure

p0: reference pressure at x=y=0



Couette flow
Moving plate

Boundary conditions

u=0 at y=0
u=U at y=b

or

Dimensionless parameter

For

Example: the flow between closely spaced concentric cylinders





Steady, Laminar Flow in Circular Tubes
Poiseuille flow or Hagen-Poiseuille flow

Assume that the flow is parallel to the walls
0, 0, / 0r zv v v zθ= = ∂ ∂ =

Axisymmetric flow ( )z zv v r=

/ constantp z∂ ∂ =



Steady, Laminar Flow in Circular Tubes
Boundary conditions
vz(r=0), finite / vz(r=R)=0

The volume rate of flow Q

The mean velocity V=Q/A

The maximum velocity



Steady, Axial, Laminar Flow in an Annulus
Boundary conditions
vz(r=ri)=0 / vz(r=ro)=0

The volume rate of flow

The maximum velocity (                              )/ 0z mv r at r r∂ ∂ = =

Nearer the inner cylinder

Hydraulic diameter – characteristic length for Reynolds number

For an annulus
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